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An analysis of point source turbulent diffusion of a gaseous tracer in the core of a circular
straight porous pipe with uniform tronsverse flow at the walls is presented. Time averaged
concentration distributions were measured at four distances downstream from a point source
located at the oxis of a fully developed turbulent flow of air in a 6-in. pipe. Experiments were
run at average velocities between 4.36 and 23.0 ft./sec. (corresponding to Reynolds numbers
12,000 to 66,000) with injection velocities ranging from 0 to 0.170 ft./sec. and suction
velocities from 0 to 0.048 ft./sec. The highest injection rate corresponded to 58% by volume
of the main stream. Good agreement is obtained between the experimental and the calculated
concentration profiles.

The present study shows that the plume width of the dispersing tracer is considerably
affected by the transverse flow. It also shows that the eddy diffusivity in the pipe core and
the radial mass flux increase with fluid injection and decrease with suction through the pipe
walls. Also, for increasing values of ospect ratio, they increase in the case of injection and

decrease in the case of fluid suction.

The diffusion of a substance from a point source into a
turbulent field has received much attention from investiga-
tors in various engineering disciplines (I to 26). An
understanding of this process is important with respect to
controlling the emission of smoke and other pollutants into
the atmosphere and the flow of wastes into rivers and
streams. In addition, it provides a basis for evaluating eddy
diffusivities (7, 10, 17, 26) and other properties of turbu-
lence in such unit operations as heat transfer, extraction,
mixing, absorption, and humidification.

Investigations of point source diffusion in ducted streams
have involved statistical methods (9, 11, 24, 25) as well
as experiments with various gases (2, 6, 14, 17, 26), lig-
uids (7, 12, 13), and mixed systems (3 to 5, 8, 10, 18, 20,
22, 23) in flow configurations ranging from rectangular
ducts (12, 18) to large circular pipes (2, 14) and at
Reynolds numbers from about 10,000 (6) up to 500,000
(2, 14). Although these and similar studies have examined
the effects of numerous factors, including concentration
(13, 17), temperature (1, 15, 19), velocity (2, 18, 26),
and intensity of turbulence (6, 7), there has been no pre-
vious work on the problem of transverse flow.

Transverse flow, induced by either injection or suction
at the duct wall can significantly influence the velocity and
concentration profiles of diffusing substances. Conse-
quently, it has important implications in the design of
porous-walled transpiration reactors and in other applica-
tions requiring high flux mass transfer. As part of a gen-
eral study of point source diffusion (21), we have there-
fore developed expressions to describe the effects of trans-
verse flow on the diffusion of tracer gases in a turbulent
field. The expressions have been tested in experiments on
the diffusion of helium into air within a porous circular
pipe while air was either injected or withdrawn through
the pipe walls.

Correspondence conceming this paper should be addressed to D. T.
Wasan. S. K. Suneja is with Amoco Chemicals Corp., Naperville, Illinois
and R. H. Shea is with Mobil Qil Company, Chicago, Iilinois.
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THEORETICAL ANALYSIS

The system of interest is shown in Figure 1, where the
radial and longitudinal coordinates are also indicated. To
describe the effects of transverse flow, expressions for three
quantities are needed: the concentration of the tracer, the
eddy diffusivity for material transport, and the radial mass
flux. The following assumptions are made:

1. The fluids are incompressible and isothermal.

2. The main stream turbulent flow is fully developed at
the entrance to the porous pipe.

3. Fluids flowing in the axial direction and through the
porous walls have similar physical properties.

4. The wall flow is uniform throughout the length of the
porous section; that is, the radial velocity at the wall does
not vary with the longitudinal distance.

Concentration of Tracer

The material balance for the diffusing tracer—designated
as A—over a differential element yields the equation:

aC aC i} oC aC, @
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u

where the molecular diffusion is neglected compared to
convective diffusion in the axial direction. Also the overall
continuity equation may be expressed (21) as:

u = Uavu° = (uavi -4 vwx/D)u° (2)
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Fig. 1. Schematic diagram of the system analyzed
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where u® is the dimensionless velocity at a point and
varies with radial distance only. The boundary conditions
are taken as:

Ci=0 asr—> o (3)

0Ca/or=0atr=0; Ch,=0atx=0, r>b (4)

where Equation (3) implies that the diffusing material
does not reach the tube walls, and therefore treats the
fluid as infinite in the radial direction. For no transverse
flow (thatis, v = 0) the solution is (1, 10):

4_Q_.__exp(— oo ) (5)

T X €0 4x€¢o

Calx,r) =

We therefore assume that the solution to Equation (1)
with transverse flow (that is, v = 0) is of the analogous
form:

Calx, 1) = exp (— r*/m) (6)

T UM

where m is a function of x, and Q is the volumetric rate
of injection of tracer material. For isokinetic injection,
Q = Ib?u,. Substituting the expressions for 8Ca/dr and
dCa/0x from Equation (6) into Equation (1) and using
the overall continuity Equation (2), the following two
equations result.

2 1d 4
R i LI (7)

Ruw m dx um
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12 dm de 2r 412 ¢
———t|l——v )—F———=0 (8)
m dx or u m u

where the terms in Equation (7) are functions of x alone,
while those in Equation (8) are functions of both x and
r, provided the term e/u does not vary with radial posi-
tion. As indicated by Schlinger and Sage (I7), this is a
reasonable assumption for the core region of the pipe. This
assumption permits the relationship
S (9)
4 U
where ¢, is the eddy diffusivity at the pipe axis.
Substituting Equation (9) into Equation (7) gives
dm 2 vy €
= m+ 4 — 10
dx R gy U (10)
whose solution requires a prior knowledge of the functional
form of ¢, which varies with the longitudinal distance. In
analogy to the functional form for e, we assume that .
is of the form pu.* where p and ‘@’ are not functions of
x and u, varies with x. Substituting pu.® for e, and uq,u.®
for u. [from Equation (2)] in Equation (10) gives

dm 2 0y

dx R ug,

Equation (11) is a first-order differential equation with
variable coefficients, and its solution is

m =4 pullug ! (11)

m= 4ﬂuca_1uaavi [( 1 4 x )a
" (a+ 1)(—2vw/R) 573

- 1 ]+ b (12)
(1 —44¢x/D) (1 —44¢x/D)

In this solution, the parameters p and @ are yet to be
determined. However, p can be determined on the basis
that this solution must reduce to Equation (5) for the
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case of v, = 0. This gives
P = €e0/U%0 (13)

where e is the eddy diffusivity at the pipe axis in the
absence of transverse flow. We now assume that over a
distance of a few pipe diameters the turbulence energy
per unit mass in the core is unaffected by transverse flow
(since reaction takes time) so that the parameter a in the
presence of transverse flow is the same as in the absence
of it, that is, 0.875. This is borne out by the agreement of
the theory with the data as discussed later in this paper.
On this basis Equation (12) becomes

m= ﬂD_i"_o_[ (1 — 4 $x/D)0875
¢ Uco
1 b2
T (1—4¢x/D) ]+ (1—4¢x/D) (14)

Substitution of Equation (14) into Equation (6) yields
the following solution:

Ca(x, 1)
Cac
—12(1—4¢x/D)
— P —0.533D e
e ) (1 — 4¢x/D)18T — 1} 4 b2
d’ Ueo
(15)
where
Q(1—4¢x/D)
CAc = D -
PR [b2 — 0533 == {(1 —4¢x/D)*85 — 1} ]
¢ Uco
(16)

Here b2 represents the correction due to the finite size of
the injection tube. Because the internal diameter of the
injection tube is generally quite small, b? is often much

533D e 1.875
lessthan—osﬁ——so[(l—4¢f—) —1] and so
¢ D

Uco

can be neglected.

To compute the concentration profiles Ca/Cac from
Equation (15), one needs to know the value of eco, which
is a function of the entrance Reynolds’ number and is
obtained from the data for no transverse flow (27). Our
data (21) indicates the following relationship for entrance
Reynolds number up to 80,000:
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Fig. 2. Eddy diffusivity at the pipe axis versus Reynolds number for

no transverse flow.
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Fig. 3. A schematic view of the experimental equipment.

As shown in Figure 2, this correlation agrees closely with
the data reported by Flint et al (7).

Eddy Diffusivity for Moterial Transport
For calculating eddy diffusivity, Equation (1) can be
rearranged in the following form:

1 T 9C,4 v 9Ca ]
3Ca [J; ru o dr-l-forv ™ dr

ar (18)

The system considered here is such that the radial con-
centration gradients (that is, 8C4/dr) go through large
variations in radial direction, so that the values calculated
from Equation (18) involve large errors (due to the in-
accuracies in the value of 8C4/dr), away from the pipe
axis. However, consistent with the assumption made earlier
in this analysis, eddy diffusivity in the core region can be
considered essentially constant and be taken same as at
the pipe axis. So taking the limit of Equation (18) for
r— 0 and inserting the expressions for 8C4/dx and 8°Ca/
812 from Equation (15) and for e from Equation (17)
gives

3C,4/0
e(x) ~ ecore<x) = _'if, [—A—x_ ]
r=0

e(x, 1) =
r

2 L 92Cp/0r®
JUedm ¥ %o (19)
4 dr a D

where m is given by Equation (14) and dm/dx is given
by the following expression:

dm 2182 o

S0 219 S0 10.875(1 — 44 x/D)18T

& = (T—dgnD) uy L087P(1 —4¢x/D)¥0 + 1]
(20)

Using Equation (19), one can compute longitudinal pro-
files for the eddy diffusivity in the presence of transverse
flow for any desired values of the entrance Reynolds num-
ber and the transverse flow parameter ¢.

EQUIPMENT AND PROCEDURES

The experimental equipment is shown in Figure 3. The axial
air stream is produced by a centrifugal blower. Before entering
the porous test section, the air stream goes through a bell-mouth
entrance section, which contains a honeycomb plate, a fiberglass
pad and straightening vanes to aid development of the velocity
profile, and then through a 30-ft. section where equilibrium pipe
flow is approached.

The helium injection port is an L-shaped piece of thin-walled
brass tubing, 0.30 cm. in I.D. and 0.48 cm. in O.D., positioned
so that its center is on the center line of the calming section
and its tip is at the front edge of the test section. This tube is
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small enough not to disturb the axial air flow to any appreciable
degree but large enough to permit reliable concentration mea-
surements downstream. The helium is injected at a velocity that
matches the center line velocity of the air stream.

The test section consists of a porous ceramic pipe, 2 ft. long
and 6.026 in. in LD., surrounded by an 8-in. aluminum pipe
fitted with coaxial flanges. To induce transverse flow, filtered air
is injected into the porous pipe through 14 symmetrically placed
injection ports. Velocity is measured by a stainless steel pitot
tube consisting of a Ys-in. I.D. impact tube, and a 0.029-in.
L.D. static tube.

Gas samples are withdrawn from the impact tube by a vac-
uum pump at a rate close to isokinetic and, after circulating
through a sampling valve and a 1-ft. coil of copper tubing, are
analyzed on a chromatograph. Concentrations are determined
from the height of the chromatographic peaks, which are very
sharp. Reproducibility is about 3%, and readings down to about
0.01% can be taken with a good degree of confidence. Although
concentrations as low as 0.001 are detectable, reproducibility is
poor at such low levels.

As a basis for determining fluid properties, temperatures are
measured by thermocouples connected to a potentiometer py-
rometer. A more detailed description of the equipment is given
in (16) and (21).

Experiments were run at Reynolds numbers from 12,000 to
66,000, corresponding to average velocities between 4.36 and
23.0 ft./sec., with air injection velocities ranging from 0 to
0.170 ft./sec. The highest injection rate (¢ = —0.0362) cor-
responded to injection of 58% by volume of the main stream.
The values of ¢, (0w/tave), the dimensionless blowing parame-
ter, used were 0, —0.00792, —0.01572, --0.0362, and
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Fig. 4. Comparison of theoretically predicted conc. profiles with
experimental data with fluid injection at the wall.
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Fig. 5. Comparison of theoretically predicted conc. profiles with

experimental data with no transverse flow.
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Fig. 6. Comparison of theoretically predicted conc. profiles with
experimental dota with fluid suction at the wall.
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Fig. 7. Comparison of theoretically predicted conc. profiles with
experimental data with fluid injection at the wall.

+4-0.01096 for Reiy = 12,000; 0, —0.00417, —0.0183 and
+40.00389 for Rery = 26,800; 0, +00.00263 for Reiv =
49,400; and 0 and —0.00575 for Reiy = 66,000.

Velocity profiles were taken before the concentration profiles
so that the discharge rate from the injection tube could be cal-
culated. Each reading required a waiting time of between 15
and 45 min. for the manometer to come to equilibrium. Velocity
traverses were taken only to about 1.8 in. from the pipe center.
For the concentration profiles, several samples were analyzed at
each radial position and the results were averaged. For the first
sample at each position, the waiting period ranged from about
1 min. for a high Reynolds number to about 5 min. for a low
Reynolds number. This procedure ensured that the first sample
reflected the actual concentration at the point in question and
not a mixture of the new sample with part of the previous
sample. For all samples after the first, the waiting period ranged
from 34 to 3 min., depending on the Reynolds number.

RESULTS AND DISCUSSION

Typical dimensionless concentration profiles at various
values of the aspect ratio (x/D) and of the injection or
suction parameter (¢) are shown in Figures 4 through 7,
where the solid lines are the theoretical curves calculated
from Equation (15) and the points are experimental data,
Comparison for relatively high values of ¢ only is shown
since it represents a rather severe test of the theory. As
may be seen from these figures, the theoretical curves
agree closely with the data at all values of x/D except the
smallest, that is, 1.0. This discrepancy may be partially
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due to the disturbances introduced by the injection tube.
The experimentally determined concentration profiles were
somewhat skewed at x/D = 1.0, which confirms previous
observations for the case of no transverse flow (7). They
were centered by plotting the data and taking the center
corresponding to the maximum concentration.

These curves display the strong effect of transverse flow
on the concentration profiles of the tracer. For example,
the dimensionless concentration {C4/Cac) at aspect ratio
of 3 and /R of 0.2 is 0.52 in the absence of transverse
flow but is only 0.32 for an injection parameter of —0.0362
and is about 0.57 for suction parameter equal to +0.01096.
It is also shown later in this paper (see Figure 8) that
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Fig. 8. Comparison of predicted Ca, with ex-
perimental values.
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Fig. 9. Theoretically calculated C4 versus aspect ratio for fluid
injection at the wall.
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MOLE FRACTION OF TRACER (ie, Cp) x 4(10°)

Fig. 10. Theoretically calculoted Ca versus
aspect ratio for fluid suction at the wall.

the concentration at the pipe axis (Cac) is hardly af-
fected by transverse flow. This means that the dilution
effect of injection (due to the inerts added) predominates
over its so called squeezing effect (due to the inward
radial velocity) whereas for suction through the pipe walls,
the dispersing effect (due to the outward radial velocity)
is less important than its concentrating effect (due to the
withdrawal of inerts). This suggests the possibility of us-
ing transverse injection as a method for achieving dynamic
dilution and preventing the wall corrosion due to the cor-
rosive compounds in the carrier gas inducted flows.

The Figures 4 through 7 also show how the plume
width of the dispersing material is affected by transverse
flow. For instance, as shown in Figure 4, for Rey =
12,000, ¢ = —0.0362, and x/D = 4, the width of the
plume is only about 46% of the radius. By contrast, as
shown in Figure 6, for Re;y = 12,000, ¢ = +0.01096,
and x/D = 4, the plume width is about 77% of the radius.
Thus, material removed radially through the walls tends to
spread the dispersing material away from the pipe axis,
while the injected material tends to squeeze the dispersing
material toward the axis. These effects further increase
with increase in the suction and injection rates at any given
value of Repy.

Figure 8 compares the experimentally determined con-
centrations of the dispersing material at the pipe axis with
those calculated from Equation (18) for Rey = 12,000
and various values of x/D and ¢. Again, the agreement is
satisfactory. It is interesting to note from this figure that
the concentration at the pipe axis is hardly affected by the
transverse flow, thereby implying that the effect of trans-
verse flow has not yet penetrated down to the pipe axis.
This is to be expected for a short tube such as used in our
experiments.

The tracer mole fraction values calculated from Equa-
tions (15) and (16) are plotted versus x/D in Figures 9
and 10 for Re;y = 26,800. For an r/R less than b/R,
the tracer concentration is maximum at the injection tube
(that is, x/D = 0) and decreases monotonically as x/D
increases. By contrast, for a radial distance more than the
injection tube radius from the pipe axis, the tracer con-
centration is zero at /D = 0 and goes through a maxi-
mum at some value of x/D. This value increases as the
radial distance from the pipe axis increases. The loci of
these maxima are shown by broken lines in these figures.
Apparently, injection through the pipe walls makes this
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locus steeper by bringing about the concentration maxi-
mum earlier than in the absence of transverse flow, while
suction makes it flatter.

The ratio of core eddy diffusivities for material transport
in the presence and a[‘;sence of transverse flow, as cal-
culated from Equation (19), is plotted versus x/D in Fig-
ure 11. This ratio increases with injection and decreases
with suction. Moreover, with an increase in x/D, this ratio
increases for injection and decreases for suction. The in-
crease in eddy diffusivity due to injection can be used to
achieve better mixing in reactors such as the secondary
combustion chamber of a furnace, etc.

Figure 12 displays the ratio of radial mass fluxes in the
presence and absence of fluid injection versus the dimen-
sionless radial distance from the pipe axis for a Re;y =
26,800 and various values of x/D. The results show that
the radial flux enhancement factor [Na,/(Nay) ¢ = 0] is
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Fig. 11. Calculated enhancement factor for
core eddy diffusivity versus aspect ratio.
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Fig. 12. Predicted enhancement factor for
radial mass flux of tracer versus radial dis-
tance from pipe axis.
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Fig. 13. Predicted enhancement factor for
radial mass flux of tracer versus aspect ratio.

larger than 1.0 in the presence of injection and less than
1.0 in the presence of suction.

Figure 12 also shows that in the presence of injection, at
a particular value of x/D, the enhancement factor first
remains constant with an increase in the dimensionless
radial distance from the pipe axis, then starts increasing,
and finally reaches a constant value. The locus of the points
at which the enhancement factor reaches a constant as-
ymptotic value is shown by a broken line. Just the opposite
occurs with suction. Here, at a particular value of x/D,
the enhancement factor first remains constant with an in-
crease in the dimensionless radial distance from the pipe
axis, then starts decreasing until it reaches zero value.

Finally, Figure 13 displays the radial mass flux enhance-
ment factor versus x/D for Reny = 26,800 and various
values of the dimensionless radial distance from the pipe
axis. In the presence of injection, at a particular value of
r/R, the enhancement factor first increases with increase
in x/D, goes through a maximum and then starts decreas-
ing. For suction also, except near the pipe axis, the en-
hancement factor first increases with increase in x/D, goes
through a maximum and then starts decreasing.

CONCLUSIONS

The following conclusions can be drawn from the pres-
ent study:

1. Analytical expression presented here [Equation(15) ]
can be used to calculate the concentration of a gaseous
tracer at any radial and downstream location in the pipe
core with uniform fluid injection or suction. The values pre-
dicted by this equation are in good agreement with the
experimental data.

2. The width of the plume of the dispersing tracer is
considerably affected by transverse flow. Equation (15)
can be used to predict the plume width fairly accurately.

8. The tracer concentration at the pipe axis varies with
longitudinal distance and the transverse flow parameter.
These variations can be calculated by using Equation (16).
The values predicted by this equation agree fairly well
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with the experimental values (see Figure 8).

4. The present analysis shows that the eddy diffusivity
for material transport in the central core of the pipe in-
creases with injection and decreases with suction through
the pipe walls. Also for increasing values of aspect ratio,
the eddy diffusivity decreases in the case of suction and
increases in the case of injection.

5. The mass flux in the radial direction increases with
fluid injection and decreases with fluid suction.
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NOTATION
b

inside radius of the injection tube

Ca = concentration of the gaseous tracer

Cac = concentration of the gaseous tracer at the pipe
axis

D = diameter of the porous pipe

Dap = molecular diffusivity of gaseous tracer

u® = dimensionless longitudinal velocity, = «/tqy

Nar = mass flux of tracer in the radial direction

Q = volumetric injection rate of tracer. For isokinetic
injection, this is #b%uco

R = piperadius

u,v = longitudinal and radial velocities of fluid respec-
tively

u = velocity at the pipe axis for the case of no trans-
verse flow

u, = velocity at the pipe axis

ey = average velocity in the longitudinal direction

v = radial velocity

v, = radial velocity at the pipe wall

x,¢ = longitudinal and radial coordinates

Greek Letters

€ = eddy diffusivity for material transport

€0 = eddy diffusivity at the pipe axis for the case of no
injection or suction

¢ = transverse flow parameter (= 0,/Usw). This is
negative for injection and positive for suction

Subscripts

c = refers to the pipe axis

0 = refers to the absence of transverse flow

i = refers to the inlet condition
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Foam Separation of Complex Anions:

Silver Thiosulfate

DIBAKAR BHATTACHARYYA and ROBERT B. GRIEVES

Department of Chemical Engineering
University of Kentucky, Lexington, Kentucky 40506

An experimental study is conducted of the ion flotation of Ag(5203)— and Ag($203)23~ from

an aqueous solution ot pH 4.5 with a cationic surfactant. For initial solutions 2.0 % 103 to
8.0 X 10—3 M in total silver, optimum silver flotation at foam cessation is achieved at a molar
thiosulfate to silver ratic (Th/Ag) of 0.75 and surfactant to silver ratio (EHDA/Ag) of 0.5, at
Th/Ag = 1.0 and EHDA/Ag = 1.1, and at Th/Ag = 2.0 and EHDA/Ag = 2.2. The silver
flotation is 99+, 98*, and 92+ 9% at the three sets of ratios, respectively. At Th/Ag > 2.0,
highly efficient flotation cannot be achieved due to decreased particle size, and perhaps by
competition with free S2032— for the surfactant.

The stoichiometry of the ion flotation product is established from relative silver and sur-
factant flotation rates. The stoichiometry is independent of foaming time, but is a strong linear
function of EHDA/Ag and Th/Ag, in contrast to the stoichiometry of flotation products of
other simple and complex anions. Rate data can be fit reasonably by a first-order reversible
model. The rate constant is an inverse function of EHDA/Ag, indicating the desirability of
pulsed surfactant addition. Results are discussed in terms of the average ligand number of
silver, particle size, and surface potential measurements.

Ion flotation is a foam separation process which involves
the formation in aqueous solution of an insoluble product
between an ionic surface-active agent and an ion (col-

Correspondence concerning this paper should be addressed to R. B.
Grieves.

Page 200 January, 1972

ligend) of charge opposite to that of the long-chain surfac-
tant ion. The product may be formed in the bulk solution
or only at higher concentrations which result from the ac-
cumulation of the surfactant at the surface layers of gas
bubbles dispersed through the solution (1 to 3). The par-
ticulate product is collected by the bubbles and is carried
into a foam or froth rising above the bulk solution. A
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